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Abstract. Results are given for the ground state energy and excitation spectrum
of a simple N -state ZN spin chain described by free parafermions. The model is
non-Hermitian for N ≥ 3 with a real ground state energy and a complex excitation
spectrum. Although having a simpler Hamiltonian than the superintegrable chiral
Potts model, the model is seen to share some properties with it, e.g., the specific heat
exponent α = 1 − 2/N and the anisotropic correlation length exponents ν‖ = 1 and
ν⊥ = 2/N .
In 1989 Baxter introduced a simple ZN Hamiltonian [1, 2]
H = −
L∑
j=1
αjXj −
L−1∑
j=1
γjZjZ
†
j+1 (1)
where αj and γj are arbitrary parameters. In matrix form, the operators Xj and Zj are
Xj = I ⊗ I ⊗ · · · ⊗ I ⊗X ⊗ I ⊗ · · · ⊗ I (2)
Zj = I ⊗ I ⊗ · · · ⊗ I ⊗ Z ⊗ I ⊗ · · · ⊗ I (3)
where I, X and Z are N × N matrices, with X and Z in position j. Here I is the
identity, with X and Z defined by
Xjk = δj,k+1, Zjk = ω
j−1δjk, with ω = e2pii/N . (4)
They satisfy
XN = ZN = I, X† = XN−1, Z† = ZN−1, ZX = ωXZ. (5)
For N = 2 with αj = 1 and γj = λ this Hamiltonian is the well known one-
dimensional quantum Ising model in a transverse field with open boundary conditions.
ar
X
iv
:1
61
2.
02
61
7v
2 
 [c
on
d-
ma
t.s
tat
-m
ec
h]
  2
7 F
eb
 20
17
Energy spectrum and critical exponents of the free parafermion ZN spin chain 2
Based on numerical observations Baxter found that the Hamiltonian (1) has the
remarkably simple energy spectrum [1, 2, 3]
−E = ωn11 + ωn22 + · · ·+ ωnLL (6)
for any choice of the integers nk = 0, . . . , N − 1. This covers all NL eigenvalues in the
spectrum. The energy levels i (i = 1, . . . , L) are functions of αj, γj (j = 1, . . . , L). For
simplicity we focus our attention here on the choice αj = 1 and γj = λ, with thus
H = −
L∑
j=1
Xj − λ
L−1∑
j=1
ZjZ
†
j+1. (7)
The parameter λ is a natural generalisation of the Ising transverse field.
Fendley [4] has recently shown that (6) is the energy spectrum of free parafermions.
A key ingredient is the Fradkin-Kadanoff transformation to parafermionic operators
introduced earlier for the N -state clock models [5]. This is a generalisation of the Jordan-
Wigner transformation. The explicit parafermionic Jordan-Wigner transformation dates
back to Morris [6]. Parafermions have long been considered in both mathematics and
physics (see, e.g., [7, 8, 9]). They have been seen to underpin a range of novel phenomena,
particularly with regard to topological phases in condensed matter physics [10].
The free parafermionic structure (6) was subsequently confirmed in the related τ2
model with open boundaries [11, 12, 13], from which (1) and thus (7) follow in the
Hamiltonian limit. The version of the τ2 model, known as the Bazhanov-Stroganov
model [14], is a two-dimensional classical chiral spin model connecting the six-vertex
model and the chiral Potts model in a such a way that the chiral Potts model can be
viewed as a descendent of the six-vertex model [14, 15]. The non-Hermitian Hamiltonian
(1) and the related τ2 model are the only known models with an entire spectrum
described precisely by free parafermions.
In this Letter we take Fendley’s calculations one step further and derive the
properties of the energy spectrum for Hamiltonian (7). To do this, consider the 2L×2L
determinant satisfied by the quasi-particle energies 1, . . . , L [1, 2, 4, 11],∣∣∣∣∣∣∣∣∣∣∣∣∣
−N/2 1 0 0 .. 0 0
1 −N/2 λN/2 0 .. 0 0
0 λN/2 −N/2 1 .. 0 0
0 .. .. .. .. .. 0
0 0 0 0 λN/2 −N/2 1
0 0 0 0 0 1 −N/2
∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0. (8)
This is a multinomial in integer powers of 2 and λ2, of degree L in N . This is however,
the same multinomial for all values of N and λ if one makes the correspondence
Nk = 
2
k(Ising) and λ
N = λ2(Ising). (9)
The free parafermionic quasi-energies k for the N -state model can thus be determined
from the corresponding solution for the Ising case. This latter problem was considered
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with the necessary open boundary conditions long ago by Pfeuty [16], building on earlier
results obtained for the XY model [17].
The solution for arbitrary N and general λ is thus given in terms of the quasi-
energies
kj =
(
1 + λN + 2λN/2 cos kj
)1/N
=
(
1 + λN/2
)2/N (
1− θ2 sin2 kj
2
)1/N
, θ2 =
4λN/2
(1 + λN/2)
2 , (10)
where the roots kj, j = 1, . . . , L, satisfy the equation
sin(L+ 1)k = −λN/2 sinLk. (11)
This equation has L roots in the interval (0, pi) for λ ≤ (1 + 1/L)2/N , while for
λ > (1 + 1/L)2/N there are L− 1 roots in (0, pi), the remaining root being complex.
To obtain the properties of the energy spectrum, first consider the case λ = 1. The
roots of (11) can then be explicitly written as
kj =
2jpi
2L+ 1
, j = 1, . . . , L. (12)
The ground state energy
E0 = −
L∑
k=1
k = −
L∑
k=1
(
2 cos
pik
2L+ 1
)2/N
(13)
can be evaluated using the Euler-Maclaurin formula
L∑
k=1
f(k) =
∫ L
0
f(x)dx+B1[f(L)− f(0)]
+
∞∑
k=1
B2k
(2k)!
[
f (2k−1)(L)− f (2k−1)(0)] (14)
where B2k are the Bernoulli numbers. In this way we obtain the result
E0(L) = Le∞ + f∞ +
γN
Lν
+O
(
1
L1+ν
)
, (15)
with non-integer exponent
ν =
2
N
. (16)
The bulk and surface energy are
e∞ = − 2
ν
√
pi
Γ(1
2
+ 1
N
)
Γ(1 + 1
N
)
, f∞ =
1
2
e∞ + 2ν−1, (17)
where Γ is the standard gamma function. The amplitudes γN in (15) are given by
γN = −
[
1
N + 2
−
∞∑
k=1
22k−1B2k
(2k)!
2k−2∏
`=0
(ν − `)
](pi
2
)ν
(18)
with B2 =
1
6
, B4 = − 130 , B6 = 142 , . . .. The infinite series only terminates for the case
N = 2, where γ2 = − pi24 . Note that for N ≥ 3 the finite-size corrections are no longer
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Figure 1. ZN free parafermion quasi-energy levels for N = 2 (ω = −1), N =
3 (ω = e2pii/3) and N = 4 (ω = i). In each case a single particle excitation above the
groundstate is shown on branch ω. Excitations can be on any branch, but restricted
by the parafermion exclusion rule, effectively defining a Fermi “exclusion circle” for
each level.
governed by integer powers of 1/L. This is also the case for the chiral Potts model [2, 18],
which although not conformally invariant, does exhibit anisotropic scaling [19].
It is straightforward to derive the excitation spectrum at λ = 1 given k and the
free parafermion structure of the excitations. For N ≥ 3 the Hamiltonian (7) is non-
Hermitian, with a complex eigenspectrum. The energy spectrum has ZN symmetry, by
which any eigenvalue E has related eigenvalues ωE, ω2E, . . .. This is the parafermion
generalisation of the E ↔ −E Ising symmetry. Following Fendley [4], the excitation
spectrum is best illustrated by diagrams as in figure 1. As for the Ising N = 2 case the
excitation spectra can be classified according to the number of n-particle excitations
above the Fermi surface. For 1-particle excitations we find
E(L)− E0(L) = (2n− 1)ν ε(p)
( pi
2L
)ν
+O
(
1
L1+ν
)
(19)
for n = 1, . . . , L and p = 1, . . . , N − 1, with
ε(p) = 1− ωp = 1− cos (2pip/N)− i sin (2pip/N) . (20)
Similarly for 2-particle excitations,
E(L)− E0(L) = [(2m− 1)ν ε(p) + (2n− 1)ν ε(q)]
( pi
2L
)ν
+O
(
1
L1+ν
)
(21)
for m,n = 1, . . . , L and p, q = 1, . . . , N − 1 with m 6= n. The generalisation to arbitrary
r-particle excitations, where r ≤ L is readily apparent.
For N = 2 we recover the forms expected from conformal invariance [20, 21], namely
E0(L) = Le∞ + f∞ − piζc
24L
+O
(
1
L2
)
(22)
En(L) = E0(L) +
piζ(xn + r)
L
+O
(
1
L2
)
, r = 0, 1, 2, . . . (23)
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with
e∞ = − 4
pi
, f∞ = 1− 2
pi
, ζ = 2, c =
1
2
, xn = n− 1
2
. (24)
The 1-particle excitations are associated with scaling dimension xn, the 2-particle
excitations with xn + xp, n 6= p etc. In this way the conformal data of the Ising model,
c = 1
2
, xσ = x1 =
1
2
, x = x1+x2 = 2, is recovered for open/free boundary conditions [22].
Unlike for the Ising case, the amplitudes of the finite-size corrections for N ≥ 3 appear
to have no physical meaning.
The groundstate energy per site for general λ in the L→∞ limit is
e∞(λ) = − 2
pi
(
1 + λN/2
)ν ∫ pi/2
0
(
1− θ2 sin2 x)1/N dx (25)
where θ2 is defined in (10). This result is readily seen to satisfy the duality relation
e∞(λ) = λ e∞(1/λ). The Ising elliptic integral result [16]
e∞(λ) = − 2
pi
(1 + λ)E
(pi
2
, θ
)
(26)
is recovered for N = 2. The result (25) can be derived directly using the Euler-Maclaurin
formula. Use can be made of the leading order solutions to equation (11), which can be
adapted from the treatment of the XY model with open boundaries [17]. Consider the
case λ < 1. Writing
Lkj = pij − piκj +O
(
1
L
)
, j = 1, . . . , L (27)
gives
cot(piκj) =
λN/2 + cos(pij/L)
sin(pij/L)
(28)
with solution
piκj =
pij
2L
+ tan−1
[
1− λN/2
1 + λN/2
tan
(
pij
2L
)]
. (29)
To leading order, the roots are thus approximated for large L by
kj ≈ pij
L
− 1
1 + λN/2
pij
L2
, j = 1, . . . , L. (30)
On the other hand, for λ > 1, there is one complex root
kL = pi + iv, (31)
where v satisfies the equation
sinh(L+ 1)v = λN/2 sinhLv. (32)
Solving for large L, this excitation carries energy
kL = λ
1−L (1− 2λ−N + λ−2N + . . .)1/N . (33)
The gap to excitations thus closes exponentially as e−L lnλ for large L. It follows that the
groundstate is N -fold degenerate for λ > 1, reflecting the ordered state of the system
in this regime.
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It is interesting to express e∞(λ) in terms of hypergeometric functions. With the
change of variable x→ arcsin√t in (25) we obtain [23]
e∞(λ) = −
(
1 + λN/2
)ν
F
(− 1
N
, 1
2
; 1; θ2
)
. (34)
Moreover, using a quadratic relation for the hypergeometric functions [23] gives the
simple form
e∞(λ) = −F
(− 1
N
,− 1
N
; 1;λN
)
. (35)
The series representation of F then gives an expansion in λ, with result
e∞(λ) = −1−
[
1
pi
sin
( pi
N
)
Γ
(
1 +
1
N
)]2 ∞∑
`=1
[
Γ
(
`+ 1
N
)]2
Γ(1 + `)
λN`
` !
(36)
for λ < 1. The expansion for the case λ > 1 is obtained from this result using the
duality relation e∞(λ) = λ e∞(1/λ).
We now turn to critical exponents in the vicinity of the critical point λ = λc = 1.
For λ < 1, the mass gap corresponding to 1-particle excitations is
E − E0 = ε(p)
(
1− λN/2)ν as L→∞ (37)
for p = 1, . . . , N−1. For N = 2 this is the well known Ising result E−E0 = 2(1−λ) [24].
Although in general complex, the mass gap (37) is real when p = N/2 for N even.
Analogous results are obtained for the n-particle excitations. The gaps in the excitation
spectrum close with a well defined exponent as λ → 1. Writing the mass gaps as
m(λ, L) = E−E0, the dynamical critical exponent z is defined by the scaling behaviour
m(λ = 1, L) ∼ L−z as L→∞ and m(λ, L→∞) ∼ (1− λ)z as λ→ 1. For anisotropic
scaling z = ν⊥/ν‖, where ν⊥ and ν‖ are the correlation length exponents in the time and
space directions, respectively. From the above results, z = 2/N for this model.
Another quantity of interest is the specific heat, defined by
C(λ, L) = −λ
2
L
d2E0(λ, L)
dλ2
, (38)
which at the critical point λ = 1 scales as C ∼ Lα/ν‖ as L → ∞. A lengthy but
straightforward calculation gives
C ∼ L1−2/N as L→∞, (39)
implying the result α/ν‖ = 1−2/N . Numerical investigation of the specific heat C(λ, L)
as a function of λ and L shows a broad maximum at a value λc(L). This peak approaches
the critical value λc(∞) = 1, with λc(L)−λc(∞) ∼ L−ν‖ as L→∞. We have confirmed
this scaling relation numerically, with exponent value ν‖ = 1 independent of N .
Collecting the results, the free parafermion ZN spin chain has critical exponents
α = 1− 2/N, ν‖ = 1, ν⊥ = 2/N. (40)
These are the same values derived for the superintegrable chiral Potts model [2, 18].
The specific heat exponent is also that of the ZN Fateev-Zamolodchikov model [25].
We conclude with some remarks. In general non-Hermitian Hamiltonians describe
the dynamics of physical systems that are not conservative. The quantum Hamiltonian
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of the chiral Potts model is Hermitian, with a real eigenspectrum. Hamiltonian (7)
is an example from the class of models which are non-Hermitian, with a complex
eigenspectrum for N ≥ 3. Nevertheless, the model has a real ground state and a
remarkably simple excitation spectrum governed by the structure of free parafermions.
We have seen here that the eigenspectrum shares some properties with the chiral
Potts model. As remarked by Cardy [19] in discussion of the chiral Potts model from
the perspective of conformal field theory, several of the usual properties of Hermitian
systems, such as insensitivity of bulk thermodynamic quantities to boundary conditions,
can fail in the non-Hermitian case. This note of caution should apply even more so for the
model under consideration here. Given this point, along with the burgeoning relevance
and interest in the physics of parafermions, this is clearly a model deserving of further
attention.
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